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SUMMARY 
 
The work carried out by UK NATS Operational Analysis (OA) department provides input to the 
safety assessment for the North Atlantic (NAT) Reduced Longitudinal Separation Minimum 
(RLongSM) project by providing a collision risk estimation based solely on theoretical collision 
risk modelling.  This paper provides an example calculation of the longitudinal collision risk 
under RLongSM operations. 
  
 

1 Introduction 

In SASP-WG/WHL/20-IP/10, the Reich Collision Risk Model (CRM) for two aircraft nominally on the 
same track and flight level with non-negligible intended longitudinal separation was derived as: 
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Equation 1-1 

 

In SASP-WG/WHL/20-WP/24, a method for deriving a key component of the distribution, the 
separation loss distribution, 𝑄(𝑠), was developed; and a version of 𝑄(𝑠) was derived applicable to 
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Reduced Longitudinal Separation Minimum (RLongSM) operations in the North Atlantic (NAT), as 
described in SASP-WG/WHL/20-IP/09. 

This paper provides an example calculation of the collision risk under RLongSM operations, using the 
models derived in SASP-WG/WHL/20-IP/10 and SASP-WG/WHL/20-WP/24.  The analysis reported 
here does not comprise the complete analysis required in support of the introduction of RLongSM 
trial operations in the NAT.  However, it demonstrates the application of the collision risk modelling 
methodology used. 

2 Assumptions 

The following assumptions have been made for the purposes of modelling periodic reporting: 

1. A RLongSM will only apply to in-trail separations; therefore, crossing/joining/leaving flights are 
not included in the analysis. 

2. Aircraft pairs at a reduced longitudinal separation will report using ADS-C and communicate 
using CPDLC. 

3. A conservative navigation performance of 95% within +/- 0.5 Nm is assumed for GPS. 

4. Aircraft operating at a reduced longitudinal separation will continue to send waypoint reports 
but these will not be taken into account in the periodic model.  

5. Aircraft will be assigned a Mach number and will maintain it for the duration of the clearance.  

6. No pair of aircraft will have an intended separation below the proposed 5 minutes separation 
when the sliding Mach number technique is applied. 

7. Controllers will intervene if the separation for any pair is forecast to drop below the specified 
minimum separation, so that no further loss of separation can occur 

8. The SAATS conflict detection function will be able to resolve to the nearest second. 

9. A conformance check will exist to compare the aircraft’s reported position to the System 
estimate. Future estimates will be updated if the reported position is outside the conformance 
limits (currently set to +/- 0 Nm) and, if resulting in a predicted conflict, the flight will be alerted 
to the controller. 

10. All pairs of aircraft are assumed to report their positions synchronously (i.e. at the same time).  
See SASP-WG/WHL/20-WP/24 for a discussion of the appropriateness of this 
assumption. 

11. The only communications-related delay included in the modelling is the conflict resolution time. 

3 Model Components 

The CRM (Equation 1-1) is constructed from several components that must be estimated from 
applicable real data.  Some of these can be considered as fixed parameters that have been estimated 
and adopted for use by the NAT working groups engaged in regular risk monitoring.  These are 
stated in Section 3.1.  The three components that are specifically related to the longitudinal form of 
the CRM, |�̇�(𝑚)|���������, 𝐸(𝑠) and 𝑄(𝑠), must be calculated, and their derivation is described in the 
following sub-sections. 
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3.1 Adopted Parameter Values 

Values of the CRM parameters that are currently adopted for use within the NAT are given in Table 
3-1.  These values are taken from the NAT MNPS Risk Quick Reference Guide (Reference 2). 

Table 3-1: Parameter Values used in the Longitudinal CRM 

Parameter Description Value Origin/Comment 
𝜆𝑥 Average aircraft length 0.03108Nm Adopted April 2006, NAT SPG/42 
𝜆𝑦 Average aircraft wing-span 0.02846Nm Adopted April 2006, NAT SPG/42 
𝜆𝑧 Average aircraft height (includes, 

incorrectly, the undercarriage) 
0.00892Nm Adopted April 2006, NAT SPG/42 

|�̇�0|����� Average absolute relative cross 
track speed for aircraft nominally 
on the same track 

5kts Adopted 2001, MIG/8 

|�̇�0|����� Average absolute relative vertical 
speed for an aircraft pair that have 
lost all vertical separation 

1.5kts Adopted 1990, NAT SPG/26 

𝑃𝑦(0) Probability that two aircraft which 
are on the same track are in lateral 
overlap 

0.1172 Adopted April 2006, NAT SPG/42 

𝑃𝑧(0) Probability that two aircraft which 
are nominally at the same level are 
in vertical overlap 

0.48 Adopted June 2001, NAT SPG/37 

𝑇 Average at-risk period - For periodic reporting this value 
will represent the length of the 
reporting period in hours. (Note 
that the at-risk period is 
specified in minutes within 
certain components of the 
model.  Where this is the case it 
has been explicitly described.) 

 

It should be noted that the value of the parameter 𝑃𝑦(0) is under regular review by the NAT MWG 
due to its sensitivity to improvements in navigational performance. 

3.2 |�̇�(𝒎)|��������� – The Longitudinal Closing Speed Between Two Aircraft with 
Minimum Separation m 

|�̇�(𝑚)|��������� is the average longitudinal closing speed (knots) between an aircraft pair, given that a 
longitudinal overlap event occurs during the reporting period.  Unlike the lateral and vertical passing 
speeds which are based on observed aircraft movement data, the longitudinal passing speed is a 
theoretical quantity since it is conditional on a longitudinal overlap event occurring.  In order to 
make a conservative risk estimate, the longitudinal passing speed should be the smallest possible 
such that an overlap event occurs.  Therefore, it is calculated as the smallest relative speed such that 
an overlap can occur, given that the aircraft are initially separated by the minimum separation 
allowable. 
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Suppose a pair of aircraft are reporting synchronously, with initial separation of m minutes.  For 
simplicity, assume the leader aircraft’s speed is a known constant 𝑑𝐿 (Nm/min); then the initial 
distance separation between aircraft is 𝑑𝐿𝑚 Nm.  At the end of the reporting period of duration 𝑇 
minutes, the leader will have travelled a further distance 𝑑𝐿𝑇 Nm.  Thus, the total distance that must 
be travelled by the follower aircraft in order to catch-up to the leader in time 𝑇 is 𝑑𝐿(𝑚 + 𝑇) Nm. 

Therefore, the smallest possible relative closing speed between aircraft with initial separation m is: 

|�̇�(𝑚)|��������� = 60�
𝑑𝐿(𝑚 + 𝑇)

𝑇
− 𝑑𝐿� 

 

=
60𝑑𝐿𝑚
𝑇

 

 

 
 
 
 
Equation 3-1 

 

Please note that for convenience, the units of time for m and T are given in minutes and the leader 
aircraft speed 𝑑𝐿 is specified in Nm/min, in order to prevent later confusion with a similar speed 
term within the model component 𝑄(𝑠). 

3.3 Probability of a Longitudinal Overlap Event 

This section describes the two components, 𝐸(𝑠) and 𝑄(𝑠), that together comprise the calculation 
for the probability that a longitudinal overlap event will occur between a pair of aircraft during a 
single reporting period. 

3.3.1 𝑬(𝒔) 

The definition of this term is: 

𝐸(𝑠) = the probability distribution of planned separations at the end of the at-risk period for all 
possible planned separations s. 

Real data describing intended separations between RLongSM pairs of aircraft in the RLongSM 
bilateral trial is not currently available, so the distribution 𝐸(𝑠) must be hypothesised.  While the 
intention of the RLongSM project is to allow a reduction in minimum separation to 5 minutes, it is 
not expected that an actual intended separation of exactly 5 minutes would be specified between 
any pair of aircraft.  Therefore, the hypothesised distribution should be bounded below by 5 
minutes, and to allow a conservative risk assessment, should be heavily weighted towards low 
values of the intended separation. 

If we denote the intended separation s as: 

𝑠 = 𝑠𝑚𝑖𝑛 + 𝑥  

 

where 𝑠𝑚𝑖𝑛 is the separation minimum and 𝑥 represents the buffer separation intended above the 
minimum, then the Gamma distribution can be used for the distribution of the buffer.  This 
distribution fulfils the desired properties, and provides a tractable functional form when used in 
combination with 𝑄(𝑠) (see Section 3.3.3).  The gamma distribution is written: 
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𝑓(𝑥) =
𝑥𝑘−1exp (−𝑥𝜃)

Γ(k)𝜃𝑘
, 𝑥 ≥ 0 

Equation 3-2 

 

Here, 𝑘 is a shape parameter and 𝜃 is a scale parameter.  Figure 3-1 illustrates the shape of the 
gamma distribution for 𝑘 = 2, varying 𝜃.  For the larger 𝜃, the peak of the distribution is lower and 
the body of the distribution is more spread over a wide range of separations above 𝑠𝑚𝑖𝑛.  The 
gamma distribution is therefore useful in describing the buffer distribution of separations between 
aircraft given its ability to represent a variety of cases through a change in one or both of its key 
parameters. 

For the baseline risk estimation, the parameters used for the buffer distribution are 𝑘 = 2 and  
𝜃 = 1, which gives a mean buffer of 2 minutes and consequently a mean planned separation of 7 
minutes.  

Figure 3-1: Illustration of Gamma Distribution as a Buffer Distribution 

 

3.3.2 𝑸(𝒔) 

The definition of this term is: 

𝑄(𝑠) = the probability distribution of a loss of planned separation of s or greater minutes by the end 
of the at-risk period. 

SASP-WG/WHL/20-WP/24 describes in detail the derivation of 𝑄(𝑠) for aircraft pairs operating 
under periodic reporting in the NAT.  The model assumes a Laplace (Double-Exponential) form for 
the tails of the distribution (i.e. for large separation losses), with variance dependent on the planned 
aircraft speed 𝑑, reporting period 𝑇 and planned separation 𝑠 as specified in Equation 3-2 (all units 
in minutes or Nm/min). 
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𝑄(𝑠) =
1
2

exp �−
𝑠
𝑏
�  

where, 

𝑏 = �1
2
𝑉𝑎𝑟(𝑠𝑇 − 𝑠), 

𝑉𝑎𝑟(𝑠𝑇 − 𝑠) = (𝑇 − 𝑠)2𝑉𝐹(𝛾,𝑇 − 𝑠) + 𝑇2𝑉𝐹(𝛾,𝑇) + 𝑠2𝑊𝐹(𝛼, 𝑠) +
2 × 0.65

𝑑2
, 

 

𝐹(𝛼,𝑇) =
1
𝑇 �

1 + 𝛼
1 − 𝛼

−
2𝛼(1 − 𝛼𝑇)
(1 − 𝛼)2𝑇 �, 

 
𝑊 = 1.722 × 10−4 + 2.864 × 10−4 × (𝑑 − 8.504)2, 

 
𝑉 = 4.715 × 10−5 + 4.341 × 10−5 × (𝑑 − 8.429)2, 

 
𝛼 = 0.890, 

 
𝛾 = 0.974 

 

Equation 3-3 

 

3.3.3 Probability of Overlap 

The probability of an overlap event occurring during the at-risk period is commonly stated as 
∑ 𝐸(𝑠)𝑄(𝑠)𝑠 .  This was appropriate in older longitudinal collision risk modelling, since the available 
data to derive the two distributions was typically only available in whole minute units.  However, the 
available data used to derive 𝑄(𝑠) was accurate to the nearest second, and a continuous distribution 
has been used to estimate 𝐸(𝑠).  Therefore, it is more appropriate within this work to use the 
integral form of the equation: 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦(𝑜𝑣𝑒𝑟𝑙𝑎𝑝) =  � 𝐸(𝑠)𝑄(𝑠)𝑑𝑠
∞

𝑠=𝑠𝑚𝑖𝑛

 
 

 

From Equation 3-2 and Equation 3-3, 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦(𝑜𝑣𝑒𝑟𝑙𝑎𝑝) =  �
𝑥𝑘−1 exp �−𝑥𝜃�

Γ(k)𝜃𝑘
×

1
2

exp�−
(𝑠𝑚𝑖𝑛 + 𝑥)

𝑏 �𝑑𝑥
∞

𝑥=0

 

 

=
1

2Γ(k)𝜃𝑘
exp �−

𝑠𝑚𝑖𝑛
𝑏
� � 𝑥𝑘−1

∞

𝑥=0

exp�−𝑥 �
1
𝜃

+
1
𝑏
��𝑑𝑥 

 
which, via an iterative integration-by-parts, can be shown to be: 
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=
(𝑘 − 1)!

2Γ(k) �1 + 𝜃
𝑏�

𝑘 exp �−
𝑠𝑚𝑖𝑛
𝑏
� 

 

Applying the chosen parameters for 𝐸(𝑠) for the baseline case, this gives: 

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦(𝑜𝑣𝑒𝑟𝑙𝑎𝑝) =  
1

2 �1 + 1
𝑏�

2 exp �−
𝑠𝑚𝑖𝑛
𝑏
� 

Equation 3-4 

 

Note that the parameter 𝑏, which is a function of the variance of separation error, is dependent on 
planned aircraft speed.  The treatment of speed will be discussed in Section 3.4.  𝑏 is also dependent 
on the planned separation, but for analytical tractability, the value of 𝑠𝑚𝑖𝑛 will be used to calculate 
it. 

3.4 Planned Aircraft Speed 

There are two components of the model that are dependent on planned aircraft speed, the average 
longitudinal closing speed (Section 3.2) and the probability of overlap through the parameter 𝑏 
(Section 3.3.2).  There are two ways this can be handled; first, a single aircraft speed can be chosen 
for the baseline case (e.g. 480 knots = 8 Nm/min) with alternative speeds explored within a 
sensitivity analysis.  The second method is to calculate the collision risk across the range of observed 
aircraft speeds and weight the final estimate of collision risk appropriately (in effect, to perform a 
numerical integration of the collision risk across aircraft speed.)  

For the purpose of the example baseline case described in this paper it has been decided to apply 
the collision risk model to a single aircraft speed,  with the value of 480 knots ( = 8 Nm/min) chosen. 

3.5 Conflict Resolution Delay 

It has been assumed that a controller will always intervene if an aircraft pair is forecast to drop 
below the specified minimum separation, so that no further loss of separation can occur.  However, 
it cannot be assumed that this intervention will be accomplished instantly.  There must be an 
allowance of time after position reports are sent for the controller to receive the conflict report, 
understand its contents and decide on the appropriate mitigating action, communicate the action to 
the pilot or pilots, and for the pilots to understand and take action. 

Prior work (Reference 1) has explored in detail the time distributions for each assumed component 
of conflict resolution delay.  The work concluded that a time to conflict resolution of 9 minutes 
would be a conservative assumption within the collision risk model, and this figure has been 
replicated within this work. 

In order to apply this conflict resolution delay within the model, it is assumed that from the point at 
which the aircraft experiencing separation loss report their positions, their separation will continue 
to erode freely until the end of the conflict resolution delay time.  The impact of this is to increase 
the at-risk period by 9 minutes. 
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4 Collision Risk Estimate 

In this section the model components described in Section 3 are applied to the Reich CRM (Equation 
1-1) in order to calculate the baseline collision risk under NAT RLongSM trial operations. 

Table 4-1 lays out the components and the results of the baseline collision risk calculation, assuming 
a reduced longitudinal separation minimum of 5 minutes and a reporting period of 18 minutes.  
Under this baseline case, the collision risk, in units of number of fatal accidents per flight hour, is 
calculated to be 5.23 × 10−14.  This estimate falls comfortably below an assumed conservative 
Target Level of Safety (TLS) of 1 × 10−9 (for comparison, the current TLS for lateral collision risk in 
the NAT is 20 × 10−9 and for vertical collision risk it is 5 × 10−9).   

Table 4-1: Baseline Collision Risk Calculation for NAT RLongSM 

𝑃𝑦(0) 0.1172 2𝑃𝑦(0)𝑃𝑧(0) 0.1125 
𝑃𝑧(0) 0.48 
|�̇�(5)|�������� 88.89 kts 

�
|�̇�(5)|��������

2𝜆𝑥
+

|�̇�(0)|��������

2𝜆𝑦
+

|�̇�(0)|��������

2𝜆𝑧
� 1601.93 

|�̇�(0)|�������� 5 kts 
|�̇�(0)|�������� 1.5 kts 
𝜆𝑥 0.03108 Nm 
𝜆𝑦 0.02846 Nm 
𝜆𝑧 0.00892 Nm 

T 0.45 hrs {(18+9)/60} 
2𝜆𝑥

|�̇�(5)|��������𝑇
 0.00155 

𝑏 0.1998 
1

2 �1 + 1
𝑏�

2 exp �−
𝑠𝑚𝑖𝑛

𝑏
� 1.87 × 10−13 

𝑵𝒂𝒙 𝟓.𝟐𝟑 × 𝟏𝟎−𝟏𝟒 
 

Due to the various relationships with aircraft speed inherent in the CRM, it is expected that the 
collision risk will be sensitive to speed.  Figure 4-1 shows the risk estimates across the range of 
planned speeds observed in NAT waypoint transit data.  The TLS is shown as a dashed line, and it can 
be observed that the TLS is met in every case. 

For a complete analysis in support of the introduction of RLongSM operations in the NAT, a much 
more comprehensive sensitivity analysis is required, testing the impact of varying each of the 
relevant parameters and model assumptions.  However, this paper provides a demonstration of the 
application of the collision risk modelling methodology. 
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Figure 4-1: Sensitivity of Risk to Aircraft Speed 

 

5 Recommendations 

The meeting is invited to note the methodology described in this paper, and its implementation in 
the estimation of longitudinal collision risk to support the introduction of the Reduced Longitudinal 
Separation Minimum (RLongSM) trial in the North Atlantic (NAT).  The meeting is invited to consider 
whether the methods described herein would be applicable to global procedural airspace; and if not, 
what further considerations must be made for the methods to be globally applicable. 
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